Homework 1 {EV 1

Each problem has 20 pts as a full mark. SN ERAEIE205 /975 .
Problem 1 [GR& 1

(1) For fixed m,n € N4, give an example: A € R, and A doesn't have a left inverse while has a
right inverse. X{FEIEIEEEM, n, H{H—Dm X nhUSLEERFA, FEHEGAEHERIRBAIYE
(3

(2)prove: if AB1 = I, By A = I, then By = By iFBR: &EB1 AR, B RAKY, B = By

(3) For fixed m,n € N, discuss whether there exists A € R, «, such that it has both left inverse
and right inverse. SIFEIEHIEESM, n, THEREFEM X niUEEA, BRNELEFIAIH.

(4) Prove: for A, B € R, «p, if AB = I, then BA = I.iEBE: XFn x niiEEA, B, EAB =1,
MBA =TI

Problem 2 |aJ§& 2

Definition of rank(A) is the dimension of the column space of A. rank(A)HIENEANFIZSEIRILE
}EO

(1) For

1
A= |4
7

Q. 0o ot N

Calculate: rank(A), dim(Null(A)), dim(Row(A)), dim(Null(AT)).
e rank(A), dim(Null(A)), dim(Row(A)), dim(Null(AT))
(2) Prove: rank(A) = dim(Row(A)). iEBE: rank(A) = dim(Row(A))

(Hint: first prove: Gauss Elimilation doesn't change rank(A) and dim(Row(A)).Then do the RREF
situation. &7 SEXIERE: BENETASEZErank(A)fdim(Row(A)), REEBITREFER)

(3) Prove:for A € R, «n,
rank(A) + dim(Null(AT)) = m, dim(Row(A)) + dim(Null(A)) = n.JEBB: Xm x nHISEEL
$E0EA, rank(A) + dim(Null(AT)) = m, dim(Row(A)) + dim(Null(A)) = n

(4) Prove: for A € Ryn, B € Ryyy, rank(A) > rank(AB).EFE: $¢m x nBISSEGERA, n x [
HISCEUEREDB, EBR: rank(A) > rank(AB)

(5) Prove: for A € R« B € Rywp, rank(A) + rank(B) < n + rank(AB).EBE: Xm x nAIsE
BOEREA, n X IRSEEUEREB, ERR: rank(A) + rank(B) < n + rank(AB)

Problem 3 [G5% 3

(1) Calculate the order of following groups: & ~FIEEAIM
(@) GLn(p); (b) SLy(p).

(2) Let G be a group, a,b € G. If aba™! = b", prove that

i

a'ba "t =b".


af://n0

% GHEE, a,be G, BEaba ! =b", A

a'ba P =0b".

(3) Let G be a group. If Va, b € G, (ab)? = a?b?. Prove that G is abelian.
Show that if exp(G) = 2, then G is abelian. (exp(G) is the smallest integer n such that Vg € G,

gt =e)

% G A, EWER a,bc G, B (ab)? = a®b?, iFBE G FaTHEE,
FHIEBRE exp(G) = 2, W G IxHeEf,  (exp(G) AE/NERE n, FENEFR g G, ¢"=e. )

(4) Assume |G/ is even. Prove that there exists a # e in G such that
1% |G| HiB%, IEEEFE a # e ff18

(5) Consider a,b € SLs(Q), where

(o) = (5 )

Prove that: (a) |a| = 4; (b) |b] = 3; (¢) |ab] = oo.

0 -1
a = , b: 0 1 .
1 0 -1 -1

iE8A: (a)|a| =4; (b)[b] =3; (q)|ab] = oo,
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